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Astronomy 50, Section02, Lab 2:  Size and Distance of the Moon.

     The diameter and distance of the Moon can be inferred from carefully observing a lunar eclipse.  A lunar eclipse occurs because the Moon enters into the Earth's shadow, and so one can directly see and hence compare the size of the Moon with that of the Earth’s shadow.  While the Moon is partway into the shadow, we can take a picture with an ordinary camera.  The picture that we get will look something like Figure 1 (which is intentionally not drawn to scale--so don’t use this figure for your analysis).  Using the curvature of the Earth’s shadow we can extrapolate to make a complete circle, like the dashed line in Figure 1.  Then we can measure the size of the Moon and the size of the Earth’s shadow on the scale of the picture; the ratio that we measure on the picture is the same ratio as in reality.  Once the relationship between the size of the Earth’s shadow and the size of the Earth is determined (which we’ll discuss soon), the actual diameter of the Moon can then be calculated knowing the actual diameter of the Earth.  And then, knowing the actual size of the Moon we can find the distance to the Moon by measuring its angular size.

[image: image1.wmf]
Figure 1: Schematic of a partial lunar eclipse, in which the edge of the Earth’s shadow can be seen on the Moon.
Historical Perspective

     The idea of using a lunar eclipse to find the distance to and size of the Moon was first done by the ancient Greek astronomer Hipparchus (194-120 BC).  Hipparchus is noted as perhaps the greatest Greek observational astronomer.  While most of his writings have been lost, his meticulous measurements of Sun, Moon, planet and star positions over a 30-year period were preserved by Ptolemy in his work, the “Almagest.”  His result for the distance to the Moon came amazingly close to the currently accepted value.

Procedure

Part 1 – The Diameter of the Moon

    Since no lunar eclipse will occur this term we will, instead, use a photo of a lunar eclipse taken from the web (see Figure 2—photo at back).  

1.  Using the picture and a compass, extrapolate the Moon and the shadow of the Earth to complete circles.  
2.  Measure the diameter of Earth’s shadow, Dsh, and the diameter of the Moon, DM on the picture.  Write your answers in the blanks in Table 1 (at back).

3.  Calculate the ratio of these diameters.  This ratio will be the same as in reality, i.e.
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This ratio tells us how many times larger the diameter of the Earth’s shadow is than the Moon’s diameter.   Let’s call this value R.  Write your value for R in Table 1.
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4.  The trick now is figuring out the relation between the size of the Earth and the Earth’s shadow at the distance of the Moon—this is the hardest part of this lab.  The following activity, in which you make a paper model of the eclipse, might help to reveal this relation.

a.  Take a piece of construction paper and, using a ruler, draw a line that starts at one corner of the paper and makes a very small angle (less than 10o, if you can) relative to the long side of the paper.  Cut along this line to make a very long thin triangle.  Lay the triangle along the other long side of the page and cut out a second, identical triangle.

b.  Use the remaining parts of the construction paper to draw a circle with a diameter approximately 4 cm and another with a diameter of approximately 1 cm.  (The exact sizes of the circles doesn’t really matter).  The smaller circle will represent the Moon and the larger will represent the Earth.  Cut the circles out. 

c.  Place a triangle with the small angle just touching the larger circle (the Earth) and place the smaller circle (the Moon) inside the triangle at the point where its diameter just fits inside the triangle, as in Figure 3 below.  This configuration now represents a demonstration of the angular size of the Moon, as seen from the surface of the Earth.  (The Moon’s angular size is, actually much smaller than the angle represented by your triangle.)  Tape or glue the small circle to the triangle at this location.  From here on we’ll refer to the triangle containing the small circle as the Moon wedge.
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Figure 3:  Arrangement of circles representing the Earth and Moon and a wedge to demonstrate the angular size of the Moon as seen from the Earth.

d.  The Sun, coincidentally, is about the same angular size as the Moon (the ratio of the Sun’s diameter to its distance is about the same as the ratio of Moon’s diameter to its distance).  We know this because of the beautiful solar eclipses we get, in which the Moon almost perfectly blocks out the disk of the Sun.  So, place the second triangle on the other side of the Earth, with the small angle just touching the Earth, as shown in Figure 4.  This represents the Earth’s view of both the Moon and the Sun when they are on opposite sides of the Earth, which is the configuration that leads to a lunar eclipse.  From here on, we’ll refer to the triangle that does NOT contain the small circle as the Sun wedge.  The Sun is actually very far large and very far away and so we don’t bother putting into the Sun wedge.
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Figure 4:  Arrangement of Moon wedge (on left), Sun wedge (on right) and the Earth circle to demonstrate the configuration of a lunar eclipse.

e.  Now, take the Sun wedge and place the Earth inside it at the place where its diameter just fits, as shown in Figure 5 (as you did earlier with the Moon and Moon wedge).  This now represents the Earth and the shadow it casts—the Sun is in the direction beyond the large end of the wedge, and the rays of light from the top and bottom of the Sun just pass by the top and bottom of the Earth.  The area of the wedge beyond the Earth, then, gets no sunlight and so is all in the shadow of the Earth.  
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Figure 5:  The Earth circle located inside the Sun wedge at the location where its diameter just fits across the width of the wedge.  The wedge to the left of the Earth represents the Earth’s shadow in space.
Note that the Earth's shadow is really a cone in space.  It comes to a point because the Sun is so much bigger than the Earth.  Since the Sun is so much larger than the Earth, the only places where the Earth completely blocks out the Sun is in the small triangle between the Earth and the tip of the Sun wedge.  At the very end of this wedge is where the Earth and the Sun have the exact same angular size.  (Since the Sun is so far away and so much larger than the Earth, the distance from the Earth to the end of its shadow is only about 1% the distance from the Earth to the Sun.  Our wedge does not accurately represent the distance to the Sun, and that is why we have not inserted the Sun into the wedge.)
f.  Now place the Moon wedge so that the Moon is in the Earth’s shadow and the small angle vertex just touches the Earth, as shown in Figure 6.  This now represents the lunar eclipse along with the angular size of the Moon.  It should be apparent now that the diameter of the Earth’s shadow at the distance of the Moon is smaller than the Earth, but still larger than the Moon.  (Note how easily the Moon fits inside the Earth’s shadow.)
[image: image7.png]



Figure 6:  Arrangement of Earth, in the Sun wedge, and the Moon wedge just touching the Earth’s surface. 

g.  Now, slide the Moon wedge a bit so that it lies along the side of the Sun wedge, as in Figure 7.  Measure the total distance going across the Moon’s diameter and across the Earth’s shadow, going from one side of the Moon wedge to the opposite side of the Sun wedge—from A to B in Figure 7.  (Keep in mind that this is only a two-dimensional representation.  The Earth’s shadow is actually a cone, and when viewed from the Earth, it appears as a circle (as we see in the photo).)  
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Figure 7:  Moon wedge and Sun wedge side-by-side with tip of Moon wedge just touching the Earth.
Distance from A to B = Diameter of the Moon + Diameter of the Earth’s shadow = DM + Dsh.

h.  Measure the diameter of the Earth circle.  How does the diameter of the Earth compare to the distance you measured in h?  You should find that 
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Measure the distance from the top of the Moon wedge to the bottom of the Sun wedge, like A to B, at several different points.  You should find that this distance is always equal to the Earth’s diameter.  In short, as long as the Moon has the same angular size as the Sun, the sum of its diameter and the diameter of the Earth’s shadow at the distance of the Moon will equal the Earth’s diameter, as in Equation 2.  (A mathematical derivation of Equation 2, using rules from high school geometry, is given in the Appendix.)
5.  So, now we can use Equations 1 and 2, along with knowledge of the actual diameter of the Earth to calculate the diameter of the Moon.  A measure of the diameter of the Earth is reported in the Volume I of the Astronomy 50 Lab Journal.  

(a)   In Equation 2, replace the variable DE with this number.  
`
(b)  Your value of R indicates how many times larger the Earth’s shadow diameter is than the Moon’s diameter.  So, in Equation 2, replace the variable Dsh with the R times DM.  If you found R to equal 2, for example, than the Earth’s shadow (at the distance of the Moon is two times larger than the Moon’s diameter.  So you would replace DSh with 2DM.  In Table 1, write the new equation, with these two substitutions made, so that the new equation contains a variable only for DM.
6.  Use this equation to calculate your measured value of the Moon’s diameter, and write it in Table 1.
Part 2 – The Distance to the Moon

     The distance to the Moon can now be inferred from the diameter of the Moon.  The actual size of an object is related to its angular size and its distance. That is, the diameter of the Moon, DM, and the distance of the Moon, dM, are related to the angular size of the Moon, M, by
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Therefore we just need to measure the Moon’s angular size to determine its distance.  
Measurement of the Angular Size of the Moon:

     Figure 8 gives a cartoon idea of the device you will use to measure angular size of the Moon.   A transparent ruler is thumbtacked to the end of a stick.  You place the other end of the stick against your cheek, as close to your eye as possible, and view the sky through the ruler.  This device, called a “cross staff,” can be used to measure angles on the sky. 
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Figure 8:  depiction of a cross-staff being used.

     Imagine that your eye is located at the center of a circle that has a transparent measuring tape going around the circumference, and imagine that this circle has a circumference of 360 cm.  Since there are also 360o in a full circle, when you view the sky through the transparent ruler, two objects that appear to be separated by 1 cm on the ruler, must be separated by 1o on the sky.  To make your cross staff, we use a stick whose length equals the radius of a circle of 360-cm circumference, or radius = 360cm/2 = 57.3 cm.

a.  We will meet (if clear) at ____________________________  on the Rugby field, between The Nott and West to measure the angular size of the Moon using your cross-staff.   

b.  To use equation 3, we need the angular size in radians.  Multiply your measured value of the angular size of the Moon in degrees by  /180 to convert to radians.  Write this value in Table 1 in the space for the angular size of the Moon in radians.

c.  Use Equation 3 to calculate the distance of the Moon.

Questions to Consider for Discussion.  

1. Look up the actual diameter and distance of the Moon (in km) (give your source (s)) and compare to your measured values
     Diameter (Moon)  = ______________________ km    

     Distance (Moon from Earth) = ____________________ km
            Source(s):

How well do your inferred values compare to the currently accepted values?
2.  When Hipparchus used a lunar eclipse to infer the diameter of the Earth, of course, he didn’t have a camera to take a photo.  Therefore, he must have used a different method.  His method, in fact, was to time the eclipse.  The amount of time from when the Moon first touched the shadow to the time it was fully in the shadow was the time it took the Moon to cross its own diameter and he also timed how long it took for it to cross the shadow.  Since the Moon moved at the same speed, the ratio of times equaled the ratio of the diameters.  Comment on the cleverness of devising measurements like this to be able to infer distances and size that, otherwise, could not be measured directly, such as the diameter and distance of a body out in space.
3.  Considering that this measurement required knowing the diameter of the Earth, comment on the importance of being informed of the measurement made by lab section 01, and how initial experimental results are also valuable in that they can then lead to additional experiments.
Appendix:

     Here we will derive Equation 2, which says that the diameter of the Moon plus the diameter of the Earth’s shadow at the distance of the Moon equal the Earth’s diameter.  We can do this by considering the geometry of Figure 7.   This configuration represents the Earth’s shadow and Moon right next to the shadow.  You can consider this figure as a view from above, just before the Moon enters the Earth’s shadow.  
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Now, since the Sun and the Moon have the same angular size, the angles in the vertices of the two wedges must be equal.  And, then, noting that the line starting at the vertex of the Earth’s shadow and going to the top of the Earth is, essentially, a “diagonal” between the top and bottom lines, we see that the two equal angles are “alternate interior angles.”  And, since they are equal, the top and bottom lines must be parallel.  And, by the rule that the perpendicular distance between parallel lines is constant, we see that the diameter of the Earth must equal the sum of the Moon’s diameter and the diameter of the Earth’s shadow (at the distance of the Moon).  
Table 1:  Worksheet for Diameter and Distance of the Moon Lab

1.  Diameter of the Moon in the photo = ________________

2.  Diameter of the Earth’s Shadow in the photo = _________________

3.  Ratio R (=Dshadow / DMoon) = ________________ .
4.  Equation 2 with numbers for R and DE substituted:

5.  Calculated value of Moon’s diameter:  DM = __________________ km
6.  Angular size of the Moon in radians =  _________________

7.  Distance of the Moon = ___________________ km

[image: image13.jpg]



Figure 2:  Photo of a partial lunar eclipse, taken from http://www.rugusavay.com/wp-content/uploads/2013/03/lunar-eclipse-wp-7.jpg
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